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Abstract
COMPUTATIONALLY MODELING THE TROPHIC CASCADE IN
YELLOWSTONE NATIONAL PARK
Emily Menden
Computer Science Department
Bachelor of Science

Many of the world’s ecosystems are facing species elimination (2). Whether this
elimination is intentional or accidental, the consequences need to be understood in
order to make better resource management decisions. Computational models can
be helpful in making these management decisions. Yellowstone National Park gives
ecologists a unique opportunity to study species elimination and reintroduction.
In the 1920s, wolves were extirpated from the Greater Yellowstone Area. The
absence of wolves allowed the elk population to increase unbounded by a natural
predator. Over the years, Yellowstone management took various measures to control
the elk population. In the 1970s, the National Park Service moved to a natural
management policy. Under this management policy, wolves were reintroduced to
Yellowstone National Park.
In this thesis, I studied the classic Lotka-Volterra equations to model the population dynamics in Yellowstone National Park. I specifically studied the wolf and
elk population dynamics. The Lotka-Volterra equations are characterized by a lag in
response between the prey and predator populations. The peak in prey population is
followed by the peak in predator population. By looking at the raw data of the elk
and wolf populations, I observed that the population trends followed the patterns of
the classic Lotka-Volterra equations. Since it seems the raw data could be modelled
by the Lotka-Volterra equations, I expected to use these equations to create good
models for the population dynamics of the elk and wolves.
In my work, I attempted to create a computational model that could predict the
population dynamics between the wolf and elk populations in Yellowstone. I used
least-squares regression and least absolute deviation to create Lotka-Volterra models
that achieved this goal. Using these methods, I found parameters to the model that
were good fits to the data. In addition to being a good fit to the data, the parameters
estimated through least-squares regression created stable simulations of the LotkaVolterra equations. Unfortunately, all stable simulations went to an equilibrium where
3

one or both populations went extinct. Future work will be to analyze the stability
conditions and basin of attraction of the differential equations to find parameters that
create a stable simulation in which both the elk and wolf populations are non-zero.
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Chapter 1
Introduction
1.1

Ecological Theory on Predator Eimination

The world as a whole is facing higher extinction rates than expected (1). The problem
is seen in many biomes across all continents (1, 2). Apex consumers are disappearing
from marine, terrestrial, and freshwater systems and their disappearance has caused
cascading effects whose extent is only recently being understood (2). As Estes et
al. point out, our planet is in the middle of its sixth mass extinction (2). However,
unlike extinctions from the past, this mass extinction is mostly caused by one species
in particular, Homo sapiens (2). Further, this extinction is primarily made up of
the elimination of apex consumers (2). Removing apex consumers from ecosystems
(whether intentionally or accidentally) can have far-reaching and unanticipated effects
on ecological processes such as disease, fire, carbon sequestration, invasive species and
biogeochemical process among the soil, water and atmosphere (2). Unfortunately,
these effects are difficult to predict and may only be observed after the ecosystem has
been rid of the apex consumer (2), an act which is often irreversible. While Estes
et al. focused on the ecological impacts of eliminating apex consumers, similar logic
and predictive analysis can be applied when considering eliminating any species from
an ecosystem.
Estes et al. point out three ecological concepts that are fundamental to understanding ecological theory when discussing species elimination in ecosystems. The
first concept is that an ecosystem might be shaped by the presence of an apex consumer, and that presence or absence of that consumer can have cascading effects on
their prey and down through the food chain (2). Another key concept is that perturbations on the ecosystem can drive the ecosystem to a different stable state (2). The
last key concept in ecology is that animals and processes in an ecosystem can be represented by a web of interconnectivity (2). In other words, any change in the ecosystem
can have perpetual effects on the ecosystem through this interconnected web. With
this understanding of ecosystems, I will consider the highly debated proposition of
eliminating mosquitos.
11

1.2

Mosquito Elimination

While normally, humans are concerned about the preservation of species, when it
comes to mosquitos, humans are eager to eradicate them. The proposition to rid the
earth of mosquitos is an old idea that is heavily debated. For humans, mosquitos are
arguably the deadliest animals on the planet, responsible for around 725,000 human
deaths per year (3). The only other contender for deadliest animal to humans, is
the Homo sapien itself which kills about 425,000 fellow humans per year (3). Thus,
the idea to eliminate mosquitos has strong statistics to support it. This being said,
it is vital to understand the pests that carry human diseases before permanently
eradicating them. Further, it is imperative that we understand their roles in the
various ecosystems where they reside and the consequences of removing them.
There are over 3,500 species of mosquitos, of which only handful suck human blood
and carry human diseases (4). Further, different species of mosquito carry different human diseases. Thus, the proposition to eradicate mosquitos is much more far-reaching
than it needs to be; only those species that carry human disease should be considered for eradication. Yet, even if only a relatively few number of mosquito species
carry human diseases, would their extinction cause negative impacts on the ecosystems they are a part of? I will point out a few known key roles that mosquitos play
in their respective ecosystems and point out the arguments for or against mosquito
eradication.
Female mosquitos will lay their eggs in just about any still water pool (4). While
in the larval stage, one benefit mosquitos provide their ecosystem is keeping the water
clean by eating detritus; however, many other organisms in the water also provide this
same benefit (4). Tadpoles and fish and other insects eat the larvae, and mosquito
larvae are not the only source of food for these animals – they are replaceable with
other organisms. (4, 5). While there are strong arguments that mosquito larvae
are not imperative to their ecosystem’s success, it is difficult to understand all the
consequences of mosquito larvae on their ecosystems.
There are some who argue that mosquitos are valuable pollinators and their absence could wipe out plant species that depend on pollination by mosquito (5). On
the contrary, many believe that without mosquitos, other insects will fill this role
of pollination (4, 5). While it is true that most plants that are mosquito-pollinated
are also pollinated by other insects (4, 5), some believe there are plants (all orchid
species) that are “preferentially” mosquito-pollinated – meaning other insects can
pollinate them but mosquitos are the most common and the most effective pollinators (4). Elimination of the mosquitos could cause a few of these orchid species to
disappear (4). Ultimately, the cost of extinction of certain orchid species has to be
weighed against the potential benefit fewer disease carrying mosquitos would have on
mankind.
Another consequence of disease-carrying mosquitos, less serious to human life,
is the fact that these mosquitos have protected large expanses of land from human
destruction (5). For example, rainforests are under serious threat of destruction by
humans and mosquitos are the main reason human destruction has been postponed
for so long (5). Eliminating mosquitos could enable humans to destroy much more of
12

Earth resources than they currently have access to. This cost to Earth’s ecosystem
should be considered when predicting the consequences of eradicating mosquitos.
Along with the questions of should we get rid of mosquitos comes the questions
of how to eradicate them. There are many propositions from introducing natural
predators, to genetically modifying the mosquitos to specicide (4, 5). While these
questions and proposed answers must be considered, they are beyond the scope of
this report and I will not comment on them further.
While it seems like a good idea with beneficial consequences, it is impossible
to fully know the impacts and roles of human disease carrying mosquitos on their
individual ecosystems (4). The best scientists can do is continue studying these
species in order to make the best predictions if mosquito eradication were to take
place. Estes et al. claimed that it is difficult to see the effects of predator elimination
until after the fact (2). Similarly, it is difficult to predict what the consequences
of mosquito elimination will be with the mosquitos continually operating in their
ecosystems.

1.3

Species Elimination in Yellowstone

The problem of mosquito elimination perfectly shows how difficult it is to predict the
consequences of eliminating a species from an ecosystem. In the case of mosquitos, it
is likely that there are other inspect species that would fill the role the mosquitos play
(4, 5), but one cannot be certain of all the consequences of eliminating mosquitos. In
systems with large apex consumers, the difficulty in predicting the consequences of
their elimination increases. Because of their significant impact on other species in the
ecosystem, large apex consumers often shape the dynamics of their ecosystems (2).
In the case of Yellowstone, gray wolves (Canis lupas) were extirpated from the area
in the 1920s and 1930s. Wolves would terrorize the cattle of ranchers and would cause
serious economic risk for the ranchers. Many advocated for the wolves’ extirpation.
In wolf absence, the elk (Cervus elaphas) population grew to numbers in the tens
of thousands (6). Intensity of elk grazing grew with the population and soon the
Yellowstone ecosystem was changing (7). The browsing intensity hindered woody
browse recruitment on species such as willow (Salix spp.) and aspen (Populus spp.)
and limited these riparian and forest areas to low growth and decreased canopy cover
(7).
When wolves were reintroduced to Yellowstone in 1995-1996, their renewed presence shifted the ecosystem once again. Wolves significantly reduced the elk population
which in turn, has allowed woody browse species to begin recruiting in some areas of
the park (7, 8, 9). It is hypothesized that because woody browse, such as willow, are
recruiting, beavers have reoccupied the area after many years of decline (10). Likely,
there are many other impacts not yet observed that have come about as indirect results of wolf reintroduction. In the case of Yellowstone, ecologists had the opportunity
to restore a system where a predator had been removed. In many systems around the
world, this is not an option as the predator being removed is simultaneously going
extinct (1, 2).
13

1.4

An Overview of This Work

As pointed out by Estes et al, it is difficult to predict the outcomes of predator
elimination for a few reasons (2). One reason is that species interaction is difficult
to see when the ecosystem is in a state of equilibrium; the effects and magnitude of
the interactions can really only be understood when there is a perturbation to the
system (2). Furthering the complexity of the problem, it may take years or decades
to observe the ecosystem’s reaction to perturbations in the system (2). To this point,
we may not be able to fully understand the impacts of predator elimination until
many years after the fact. At which point, we may not have the capacity to restore
the predators to the ecosystem. Estes et al. argue that many resource managers
base their decisions and actions on “the assumption that physical processes are the
ultimate driver for ecological change (2).” While it is true that these bottom-up forces
are fundamental to ecosystem health, resource managers must take into account the
impacts of top-down control provided by apex consumers. Because these impacts are
difficult to predict, it would be useful to create general computational models that
aid managers in making decisions.
Yellowstone National Park has given ecologists and mathematicians an interesting opportunity to study the effects of apex consumers on an ecosystem. While there
are many reports which have studied the dynamics in Yellowstone since wolf reintroduction, I have found few that use computational methods for predicting the animal
population trends since wolf reintroduction. Garrot et al. performed a study attempting to predict the additive death rate on elk since wolf reintroduction and used
computational methods to make these predictions (11). This being said, mine is the
first study (to my knowledge) that attempts to create a predictive model describing the elk and wolf population dynamics since wolf reintroduction. My work was
performed with the intent to enable resource managers to make educated decisions
regarding their resources. I will use the classic Lotka-Volterra equations as well as
propose variations on the classic Lotka-Volterra model which may better predict the
animal population dynamics. Finally, I will comment on the shifts in animal behavior,
specifically elk, since wolf reintroduction.

14

Chapter 2
Population Models
When discussing population management, it is important to understand the role of
predation in a given population’s existence. To that effect, I am interested in explaining the effect of prey on predators as well as the effect of predators on prey. I will
turn to the Lotka-Volterra equations to begin understanding population dynamics.
The Lotka-Volterra model is a system of differential equations developed independently by Alfred Lotka and Vito Volterra in the 1920s that describe predator-prey
dynamics in a simplistic form (12). The model is characterized by oscillations in the
abundance of predator and prey with the peak in predator lagging behind the peak
in prey (12). Several assumptions are made in the Lotka-Volterra model. First, the
model assumes that prey have an unlimited food supply. Second, it assumes that
prey are the only food source of the predator; meaning predators would not shift
their diet if prey become scarce. Third, it assumes that predators are the only threat
to the prey population; in other words, according to this model, a decrease in prey
population can only be seen as a result of predation. And lastly, it assumes that
encounter rate is related to predator and prey population sizes. A simulation of the
classic Lotka-Volterra model yields results seen in Figure 2.1 below (13).
As shown in Figure 2.1 on page 16, significant increases and decreases in prey population are followed by corresponding increases and decreases in predator population.
The Lotka-Volterra model is written as follows:
dx
dt
dy
dt

= ax − bxy
= −cy + dxy

(2.1)

Where x represents the prey population and y represents the predator population. In
this system, a represents the intrinsic growth rate of the prey and c represents the
death rate of the predator. b represents the capture efficiency of predator on prey
and d represents the conversion efficiency, or the ability for predators to turn prey
into additional predators.
The Lotka-Volterra model can be generally explained in these terms: as x (the
(the change in predator population over time) will also
number of prey) increases, dy
dt
increase. The model then falls into the following cycle: as the predator population
increases, the prey population decreases, creating a lack of food availability which
15

Figure 2.1: The predator and prey oscillations characteristic of the Lotka-Volterra
equations.
causes the predator population to decrease which enables the prey population to
increase. At this point, the model returns to the start of the oscillations. This
idea that there are oscillations in the population levels is a common hypothesis in
predator-prey systems (12). A closer look at these equations is in order.
I’ll begin by analyzing the prey population growth. The Lotka-Volterra equations
assume that in the absence of predators, the prey population will increase exponentially, thus
dx
= ax
dt
When we include the presence of predators, the equation then becomes
dx
= ax − bxy
dt
which is the equation for prey population dynamics in the Lotka-Volterra system,
2.1. Here, bxy represents the loss in population to predators. This loss to predators is
proportional to the product of the prey and predator population sizes. The coefficient
b is the capture efficiency, or how successful a predator is in killing a prey upon meeting
one. It is also the measure of the effect of the predator on prey growth. Often, bxy
is referred to as the interaction coefficient between predators and prey.
It is also worth noting that bx represents the functional response of the predator.
This describes how the rate of prey capture is affected by prey abundance. In this case,
the functional response is linear, meaning the capture rate increases at a constant rate
as the number of prey increases. The functional response can be understood through
Figure 2.2 below.
Next, I’ll examine the predator population. In the classic Lotka-Volterra model,
it is assumed that the given prey are the only food source available to the predator.
In the absence of the prey, the predator population would decline exponentially. In
16

Figure 2.2: This plot shows the linear functional response of the predator in the
classic Lotka-Volterra system.
the absence of the prey, the predator population is as follows:
dy
= −cy
dt
where c is the per capita death rate and y is the predator population size. Predator
growth occurs when there is a food source for the predators – when prey are present.
In this case, the equation for monitoring the predator population becomes
dy
= −cy + dxy
dt
where d is the conversion efficiency, the rate at which predators are able to turn
consumed prey into additional predators.
Note that while b and d are both coefficients to the interaction term, xy, they are
not necessarily equal. In the prey equation, bxy represents the negative impact on
the prey population that is caused by a single predator. Similarly, in the predator
equation, dxy represents the positive impact of a single prey on the predator population. Let me give an example to show when b and d may be unequal. Consider the
ecosystem where wolves and elk coexist. Due to their animal history and patterns,
the elk population is likely to be much larger than the wolf population. In this case,
d is likely going to be larger than b because the impact a single wolf makes on the elk
population (b) is going to be less significant to the elk population than the impact an
elk will have on the wolf population (d). When d is high, we know that a single prey
17

is very valuable to the predator population; when b is high, we know that a single
predator is very detrimental to the prey population.
Exploring the system’s points of equilibrium and stability properties will make it
easier to better understand this system. I will find points of equilibrium and determine
if the system is stable around a given equilibrium point. To clarify, equilibrium is
a point in a system where the system is no longer changing, or where forces are
balanced. For this system of differential equations, equilibrium will be reached when
dx
= 0 and dy
= 0.
dt
dt
To solve for equilibrium points in continuous time, one must set the left-hand side
of the equations in System 2.1 to zero (meaning the change in population is zero) and
solve. The system is in equilibrium when (x, y) = (0, 0). This equilibrium is reached
when both the predator and prey populations are extinct. Since I am more interested
in the scenarios when the predator and prey populations are nonzero, I’ll search for
an alternative equilibrium. I can rewrite the equations in System 2.1 as follows
dx
dt
dy
dt

= (a − by)x
= (−c + dx)y

Still searching for an equilibrium, we see if
(a − by) = 0
(−c + dx) = 0
then equilibrium has been reached, a balance where the predator and prey populations
are nonzero. Solving for x and y, we have x = dc and y = ab . Therefore ( dc , ab ) is an
equilibrium point of System 2.1. Now that there is an interesting equilibrium point
established, I’ll observe the behavior of the system around this equilibrium. I would
like to determine if the system at this equilibrium is stable. To do this, I will analyze
the Jacobian matrix of the System 2.1, evaluated at the equilibrium point ( dc , ab ). The
Jacobian matrix of a system of ordinary differential equations is the matrix of the
partial derivatives of the right-hand side with respect to state variables. In my case,
x and y are the state variables. All derivatives are evaluated at the given equilibrium
point. The eigenvalues of the Jacobian matrix determine linear stability properties of
the system at the given equilibrium point. An equilibrium is stable if all eigenvalues
have a negative real part; it is unstable if at least one eigenvalue has a positive real
part. The Jacobian matrix of the System 2.1, evaluated at ( dc , ab ) is


−bc
0
J dc , ab = da d
0
b
To find the eigenvalues of this matrix, we find λ that satisfies
det(J − Iλ) = 0

(2.2)

Where I is the 2x2 identity matrix.
√ Using 2.2, I found that the eigenvalues of System
c a
2.1 at the equilibrium ( d , b ) are ± aci. The eigenvalues of this system have zero real
18

part, thus the system is marginally stable around ( dc , ab ). Marginally stable means
the system is neither asymptotically stable nor unstable. I drew the phase plane of
the system to analyze its behavior around this equilibrium, see Figure 2.3. Figure
2.4 shows the oscillations that appear as a result of simulating System 2.1 over time.
Figures 2.3 and 2.4 reflect a Lotka-Volterra system of equations where
  

a
1
 b  0.02
 =

c  1 
d
0.01
The Lotka-Volterra system presented in 2.1 provides many insights into understand-

Figure 2.3: The phase plane diagram of a classic Lotka-Volterra system with various
initial conditions. Initial conditions are specified in the legend. The system can be
described by the equations below the legend of the figure.
ing the basic relationship between predators and prey. The results presented in Figures 2.3 and 2.4 show that a given population starts and ends in the same position
after one cycle, orbiting around the equilibrium point. For many real-life applications,
this model is too simplistic, however there are some situations in which the classic
Lotka-Volterra model is accurate in predicting the dynamics of animal populations.
Consider the well-known case of lynx and hare pelts measured by the Hudson Bay
company from 1900 to 1920. In this case, the classic Lotka-Volterra model accurately
represents the phenomenon observed between the lynx and the hare populations.
Figure 2.5 on page 21 shows the actual and predicted values of the lynx and hare
populations for years 1900 through 1920. The dots in Figure 2.5 represent data points
and the blue lines represent the predicted values from the Lotka-Volterra equations
created for the system. In this case, the parameters of the Lotka-Volterra system
were estimated using the Central Difference Formula which I’ll describe in Chapter 3.
19

Figure 2.4: The simulation of a Lotka-Volterra system over time. One can see the
oscillations in the population sizes as well as the lag in the predator’s peaks. The
system is described by the equations in the top middle of the graph.
As is apparent from Figure 2.5, the classic Lotka-Volterra model accurately describes
the relationship between the lynx and the hares.
For many animal systems, the classic Lotka-Volterra equations described by System 2.1 cannot accurately predict the dynamics of the ecosystem. The model makes
many simplifying assumptions. One assumption is that the prey population will increase exponentially in the absence of predators. To make the model more realistic, a
common approach is to change the growth of the prey in the absence of predators to
be logistic growth as opposed to exponential growth. A logistic growth indicates that
predators are not the only entity limiting the prey population; there is a carrying
capacity. Perhaps the prey compete for food, space, or other resources. Throughout
this report, I will use the phrases of “constraining the system to a logistic growth”
and “limiting the system by a carrying capacity” interchangeably. Keep in mind
that while here I am controlling the prey population with a logistic growth, the same
modification can be applied to limit the predator population growth. I will apply
this variant Lotka-Volterra model to Yellowstone in Chapter 3. To limit the prey to
a logistic growth, I alter System 2.1 to become
dx
dt
dy
dt

= ax(1 − Kx ) − bxy
= −cy + dxy

(2.3)

where K is the carrying capacity of the prey population in the given ecosystem. I
will apply the same methodology as before to learn about the stability of this system.
To do so, a deeper understanding of equilibrium points is necessary.
Recall that equilibria are points at which the system’s forces are balanced, or
the system is not changing. In System 2.3, like in System 2.1, I am considering
equations of derivatives, so the point at which the system is no longer changing is
20

Figure 2.5: A simulation of the population dynamics among hare and lynx as measured by the Hudson Bay Company from 1900 to 1920. The dots represent data points
and the blue lines are the predicted values determined by a simulation of System 2.1,
where a = 0.47, b = 0.024, c = 0.76, d = 0.023, x represents hare population, and y
represents lynx population.
where dx
= 0 and dy
= 0. Similar to System 2.1, an equilibrium point in System 2.3
dt
dt
is (x, y) = (0, 0). Because this would mean both the predator and prey populations
were extinct, consider a more interesting equilibrium point in the system. Let
(−c + dx) = 0
Then x =
follows:

c
.
d

Using this value for x, I can substitute this value to solve for y as
c
c
c
) − by( )
0 = a( )(1 −
d
dK
d

Solving for y,

a
c
y = (1 −
)
b
dK
Now that I have equilibrium point x and y values for System 2.3, I will solve for the
Jacobian in an effort to learn something about the system’s stability. The Jacobian
of System 2.3 evaluated at the recently found point of equilibrium is


−ac
−bc
dK
d
c
(2.4)
J dc , ab (1− dK
) = da
c
(1
−
)
0
b
dK
This time, instead of solving for the eigenvalues of this system to determine if it is a
stable solution, I’ll solve for the trace and the determinant of the Jacobian around a
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given equilibrium point. Stable solutions occur if and only if both eigenvalues have
negative real part. This happens when the trace of the Jacobian is negative, and the
determinant of the Jacobian is positive. The trace of a square matrix is the sum of
all the entries in the main diagonal. The determinant of a 2x2 matrix is equal to the
product of the values on the main diagonal minus the product of the values on the
other diagonal. It is best explained through a simple example. Let


a b
A=
c d
Then the determinant of A is said to be det(A) = ad − bc. Solving for the trace and
determinant of 2.4,
tr(J) = −ac
dK
c
det(J) = bcd ( da
)(1 − dK
)
b
One of the constraints on the Lotka-Volterra system is that a, b, c, d > 0. Knowing
this constraint, it follows that the trace of 2.4 is negative. Recall that in finding our
c
).
equilibrium I found, y = ab (1 − dK
c
In this case, I have constrained y > 0 and since a, b > 0, it follows that (1− dK
) > 0.
Knowing these constraints, it becomes clear that the determinant of J is positive.
Since the trace of 2.4 is negative and the determinant of 2.4 is positive, it follows that
c
)) is stable. Figure 2.6 plots the phase
the system at equilibrium point ( dc , ab (1 − dK
plot to see the behavior of the system around this equilibrium point. To find the
conditions of stability at a given equilibrium, one would need to analyze when the
eigenvalues of the Jacobian matrix evaluated at the given equilibrium have magnitude
less than one. This analysis would give conditions on the parameters of the model
which would indicate the system was stable around the given equilibrium.
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Figure 2.6: This figure represents the behavior of a system similar to System 2.4.
This model limits prey density to a carrying capacity. The phases seen here can
be described by the equations in the top left corner of the figure. The system was
simulated with several initial conditions labeled in the legend.
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Chapter 3
Yellowstone
Yellowstone National Park is one of the largest national parks in the United States. It
is known for its wildlife and geological forms. Prior to the 1960s, Yellowstone actively
managed the populations of many animals within the park, particularly elk (Cervus
elaphus) and bison (14). In the mid 1960s, a national park advisory group encouraged
national park managers to “maintain biotic associations” in the ecosystems they
managed (14). Since then, Yellowstone has adopted a more natural approach to
management within the park and in the Greater Yellowstone Area (14). In an effort
to restore Yellowstone to its most natural ecosystem, park managers reintroduced
gray wolves (Canis lupas) to the park after an absence of about 70 years (15).
Historically, wolves have always been present in the Yellowstone area. It wasn’t
until humans interrupted their existence that their population was jeopardized. As
more Americans began settling and ranching in the West, wolves in the Greater
Yellowstone Area began to be a problem (15). Many ranchers felt the economic cost
of wolves as more and more of their cattle were killed by them. In an effort to protect
their cattle, ranchers extirpated wolves from the area in the 1920s and 1930s (15).
In 1933, the National Park Service stopped their practice of predator control, but by
the mid 1930s, there were no surviving wolf packs in the Greater Yellowstone Area
(16).
With the wolves gone, ungulates were free to increase to carrying capacity. This
uncontrolled growth seriously damaged the growth potential and recruitment of woody
browse species, which are the ideal diet of elk (17). Many years later, when these side
effects became apparent and serious, park managers began considering reintroducing
wolves to Yellowstone (17). In 1995 and 1996, wolves were reintroduced to the park.
By some, it is believed that wolf reintroduction started a trophic cascade, where the
existence of a top predator limits the predation on primary producers (15, 17). In this
case, the presence of wolves limits the herbivory from elk on woody browse species
such as aspen, willow and cottonwood (17, 18).
While the hypothesis that the presence of wolves initiated a trophic cascade which
is bringing back woody browse species is highly popularized, there is some debate
among ecologists about its accuracy (9). As we continue to study the conditions and
state of Yellowstone, it is becoming apparent that actions are not simply reversed in
complex ecosystems. I will expound on this discussion later in this chapter.
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3.1

The State of Yellowstone by Species

In performing this research, I learned about many animals in Yellowstone who have
been either affected by wolf reintroduction or some other significant change in the
Yellowstone ecosystem. Here I will give an overview of the history and conditions
of significant species in Yellowstone. These explanations will provide context for the
reader as I explain my work.

3.1.1

Wolves

In 1995-96, wolves were reintroduced to the park; this restoration was part of a larger
effort to increase the gray wolf population in the northern Rocky Mountain Area (16,
19). The objective of wolf restoration in the Greater Yellowstone Area was to have
ten wolf packs produce pups for three consecutive years (16). Once this objective was
met, and similar populations held for three consecutive years, the gray wolf would
be taken off the endangered species list in the Rocky Mountain Area (16). This was
achieved in 2002 (19). In 2011, the gray wolf was removed from the endangered
species list in Idaho and Montana, but it is still listed as endangered in Wyoming
(19).
In the first years of wolf recovery, the wolf population grew rapidly. In 2007, there
were 171 wolves in Yellowstone National Park, since then however, the population has
declined substantially (19). A large part of this decline is the decline experienced by
the wolf packs in Yellowstone’s Northern Range, where decline in available territory
disputes and competition for food are limiting factors on population growth (19).
Because the wolf and elk populations on the Northern Range are well studied, I chose
them as the focus of my study in computational models.
Wolf diet in Yellowstone consists of elk, deer, and other small mammals (19). The
leading cause of death among wolves in Yellowstone is other wolves (19).

3.1.2

Elk

The elk of Yellowstone are one of the park’s hallmark species. Each year, thousands
of elk migrate in and out of Yellowstone National Park. Currently, the summer elk
population is about 10,000 to 20,000 grouped into 6-7 different elk herds (20). The
winter population drops to less than 5,000 (20). Of particular interest in many studies
is the northern herd (20). This herd winters in and around Yellowstone’s northern
range (20). Prior to wolf reintroduction, many were concerned that this area was
subject to overgrazing; however, the concern has shifted to the low population levels
of the herd in this area (20). Because there is much information on this area of the
park, I have conducted my study with the northern range as my primary focus.
In the years after wolf extirpation, a debate about the management of large ungulates in the park, particularly elk, started (6). While this debate continues to this day,
it initially began from a concern that the then large (and growing) elk population
were overgrazing their winter range (6). As a result, from 1932-1968, Yellowstone
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implemented population reduction efforts (6). In 1969, the National Park Service began a new management policy which called for natural management of the national
parks (6). Under this natural management policy, the elk population increased as did
concerns about overgrazing (6).
When wolves were reintroduced to the park, the wolf population grew and spread
throughout the Greater Yellowstone Ecosystem (6). This caused many to shift their
concern from there being too many elk to the possibility of too few elk in the future (6).
Creating computational models on the ecological dynamics could help park managers
make informed decisions on how to best protect the elk population.
The elk of Yellowstone primarily feed on woody browse species such as aspen,
cottonwood, and willows (17). These primary producers are of great interest when
studying the reintroduction of wolves. It has been hypothesized that the presence
of wolves is indirectly responsible for the recruitment, or the coming back, of woody
browse species in Yellowstone (6, 9, 17). Some argue that elk behavior has been
altered by the presence of wolves and this shift in behavior has allowed for the recruitment of woody browse species (7, 17). Others believe that this hypothesis is
false, and the dynamics are much more complex (9). This study is an effort to study
models of ecological dynamics to better understand the impacts different species have
on one another.

3.1.3

Bears

Yellowstone is home to two types of bear species, the black bear and the grizzly bear
(21). Black bears tend to be much smaller than grizzly bears (21). In this report, we
will focus on grizzly bears and their role in the dynamics of Yellowstone’s ecosystem
because their impact on elk populations is significant. In 1975, the grizzly bear
population in Yellowstone was listed as threatened with extinction (21). Through a
conservation success, the grizzly population in the Greater Yellowstone Ecosystem
increased to from 136 bears in 1975 to 690 bears in 2014 (22). Since then populations
have declined some. However, within Yellowstone National Park, the population is
believed to be stable and at or near carrying capacity (21).
With the bear population stable, one might wonder why they are considered in
this study of the trophic cascade in Yellowstone National Park. I include grizzlies
in this study because of their impact on elk populations in and around Yellowstone
National Park. While the bears’ diets do consist of elk meat, they do not tend to
kill many adult elk (9). Most of their elk diet comes from winter-killed elk carrion,
usurping carrion of wolf-killed elk, and hunting elk calves from March through May
(21). In the last decade, we have seen an increase in bear-killed elk calves (23) within
Yellowstone National Park. Further, elk are migratory creatures, thus many elk calves
are killed by bears outside of Yellowstone National Park (23), affecting elk population
levels. This could be a contributing factor to the elk population decline observed since
the 1990s (23).
As omnivores, bears also feed on berries, seeds and fish (21). Historically, native
cutthroat trout have been a major part of their post-hibernation carnivorous diet (24).
Trout provide concentrated fat and protein during the time bears are recovering from
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hibernation (24). In recent years, an invasive species of trout has been introduced
to Yellowstone waters (24). This invasive species prey heavily on the native trout,
forcing them to spawn in deeper waters (24). We now see bears’ post-hibernation diet
consisting of primarily elk calves and other ungulates (21). It is hypothesized, that
the unavailability of native trout has caused bears to shift their diet to consuming
more elk calves, thus impacting the elk population growth rate (23). We will study
the impact of bear predation on the Yellowstone elk population.

3.2

Methodology

After much research on the ecological dynamics in Yellowstone National Park, I propose to create a computational model that accurately describes the relationship between some of the key species of Yellowstone. I will start by analyzing the relationship
between the elk and the wolves of Yellowstone. These two populations are believed to
be significant contributors to the trophic cascade in Yellowstone National Park (9, 15,
17, 20) and so I have chosen to study them specifically in my computational analysis.
I will use the Lotka-Volterra system of equations described in System 2.1 to begin this
study. I will estimate the parameters of the system through several methods which
I will describe below. Because this model makes simplifying assumptions on what I
expect to be a more complex ecosystem, I anticipate finding moderate success when
applying the classic Lotka-Volterra model to the elk and wolf population dynamics
of Yellowstone.
In addition to applying the classic Lotka-Volterra model to Yellowstone, I will
propose modifications to this model that would increase the model’s complexity but
possibly allow it to better predict the ecological dynamics of the animals in Yellowstone National Park over long periods of time. Next, I will attempt to estimate the
parameters of the variant models by applying some of the methods described below.
Finally, I will make observations about the behaviors of the elk and other animals in
the park since wolf reintroduction.

3.3

Introduction to Parameter Estimation

The model I studied extensively when estimating parameters was the classic LotkaVolterra system of equations. I used the following set of equations to characterize the
predator-prey relationship between wolves and elk:
de
= p1 e − p2 ew
dt
dw
= −q1 w + q2 ew
dt

(3.1)

where e represents the number of elk at a given time, w represents the number of
wolves at a given time, p1 is the intrinsic growth rate of the prey population in the
absence of predators, p2 is the capture efficiency of the predator (fraction of the prey
population eaten per predator), q1 is a constant per capita mortality rate of predators,
q2 is the conversion efficiency, or how many killed elk it takes to produce one wolf. A
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constraint on the Lotka-Volterra system is that all parameters p1 , p2 , q1 , q2 > 0. For
future use in this paper, I will say the parameters in System 3.1 can be represented
as
 
p1
 p2 

θ=
 q1 
q2
I attempted to estimate θ in several ways. First, I used the data published by Yellowstone to calculate the intrinsic growth rate for the elk population as well as the
conversion efficiency for wolves. Below, I’ll discuss the outcomes of this method.
Next, I estimated the parameters using the central-difference formula. I’ll describe
this process and the results below. Finally, I attempted to estimate the parameters
using regression analysis, specifically least squares regression and least absolute deviation. I used several methods to estimate these parameters because each method is
a different strategy for solving the problem. There are strengths and weaknesses of
each method which will be discussed in each description below. When explaining each
method, I will use System 3.1, however I will also use linear regression to estimate
the parameters of some of the variant models proposed in Section 3.5.

3.3.1

A Look at the Raw Data

Because this model is the classic Lotka-Volterra model, a sanity check is provided
by looking at the raw data of elk and wolf populations in Yellowstone and analyzing
whether or not the population trends fit with the expectations of the Lotka-Volterra
model. The figure below shows the elk and wolf populations over the twenty years
since wolf reintroduction. As is visible in Figure 3.1, generally, the populations have
offset oscillations characteristic of Lotka-Volterra systems. As noted by the red star in
Figure 3.1, the wolf population endured a serious decline. This rapid decline is likely
due to disease which killed many wolves and caused poor pup survival. Interestingly,
the population recovered in the following years and then declined again. I, along
with other Yellowstone researchers, hypothesize this recovery is due to significant
pup survival in 2006 and 2007 (25). In the years following 2007, the wolf population
declined and has stabilized in the last several years. It is believed that the decline in
population after 2007 is due to the wolf population reaching a carrying capacity (25).
Wolves are territorial creatures and when the wolf population gets to be too high on
the northern range, strife between and within packs can lead to wolf deaths (25).
A close look at Figure 3.1 shows that, in most cases, the elk and wolf populations
respond to each other’s increases and decreases in population levels. The wolf population increases after the elk population increases and decreases after the elk population
decreases. Similarly, the elk population increases after the wolf population decreases
and decreases as the wolf population increases. Because we can see that the elk and
wolf population trends generally hold the relationship between predator and prey
in the classic Lotka-Volterra system, it is worth our time to study the Yellowstone
Lotka-Volterra application more closely.
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Figure 3.1: Yellowstone elk and wolf population trends. The red star in the middle
indicates a serious dip in the wolf population likely due to a disease outbreak which
killed many wolves and caused poor pup survival.

3.4
3.4.1

Parameter Estimation Using Yellowstone Data
Estimating Parameters Directly From Data

Yellowstone has published reliable information on some of their animal populations
for many years. Of great interest to Yellowstone and the public, are the population
levels of the elk and wolf populations. Because of this, we have access to reliable
data on these populations for many years. When estimating the parameters of the
Lotka-Volterra system described by System 3.1, I can extract some of the parameters
directly from the data. Using elk population counts from 1965 to 1995, I calculated
the elk per capita growth rate, p1 0.0587. Concerning the wolf population, Yellowstone
has published yearly reports which include the wolf population trend as well as the
number of wolf pups that survived to year end (26). Yellowstone researchers believe
that an individual wolf kills about 1.4 elk every 30 days (27). In winter months,
this number increases to about 2.2 elk killed every 30 days (27). I used the modest
estimate of 1.4 elk killed per wolf per 30 days in my estimates. We calculated the
conversion efficiency of wolves, q2 = nk , where n is the number of wolf pups surviving
to year’s end and k is the total number of elk killed that year by wolves on the
northern range. I found q2 = 0.036.
When using the unconstrained prey and predator growth equations, system 3.1,
the constants p2 and q1 are unknown, so I used my best guess and a range of values
to create a simulation of the elk and wolf populations. For many values of p2 and
q1 I found that the simulation somewhat reflected the observations of wolf and elk
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populations in Yellowstone. For example, using the system described by 3.1, I found
that for


0.0587
 0.9 

θ=
 0.5 
0.036
the simulation generally followed the trends observed in Yellowstone. That said, these
parameters caused the wolf population to fluctuate between about 13 to about 185
wolves while causing the elk population to fluctuate between about 8,800 elk to about
20,000 elk. It has been hypothesized that the wolf carrying capacity on the northern
range is about 100 wolves, which is much lower than the simulation predicts (185
wolves) (26). Using these parameters, the model also predicts a minimum of about
8,800 elk which is higher than the elk population observed in Yellowstone, which is
about 5-6,000 elk (26). Using the parameters above and simulating System 3.1, over
fifty years the predictions can be seen in Figure 3.2.
We can use ranges of all values in θ and get comparably accurate results as those

Figure 3.2: A simulation of northern range elk and wolf population levels for the first
fifty years after wolf reintroduction.
described above. The ranges I worked with and analyzed results of were




0.02
0.06
 0.75 
 0.9 




 0.12  ≤ θ ≤  0.5 
0.025
0.036
I did not exhaustively test all possible combinations of θ and so there are likely some
combinations that better predict the phenomenon observed between elk and wolves
31

in Yellowstone than other combinations of θ. Estimating the parameters directly
from the data gives us good intuition about whether or not the model should be
used as a predictor. Because I found a range of values for θ that generally follow the
observations in Yellowstone, I will attempt to estimate θ using more standardized,
repeatable methods.

3.4.2

Central-Difference Formula

The central-difference approximation can be used to numerically solve ordinary and
partial differential equations. It uses the two points nearest a given point x to solve
for the derivative at x and works best when applied to smooth functions. I will use it
here to estimate the parameters of system 3.1. I used the derivative approximation
method, described by P. Howard (28), to estimate the parameters
  of the Lotka 
p1
q
Volterra system described by System 3.1. I want to estimate p =
and q = 1 .
p2
q2
Looking at the predator equation, I assume the predator population is non-zero and
re-write the wolf equation from System 3.1 as follows:
1 dw
= −q1 + q2 e
w dt
as a single variable, I see that q1 and q2 make up the slope and intercept
If I treat w1 dw
dt
of a line. If I plot values of w1 dw
and e and fit a line through the data, I will have
dt
. Since I
values for q1 and q2 . I have values for w and e, so I must find values for dw
dt
have access to values w(t − h) and w(t + h), I will use the central-difference derivative
approximation. The central-difference derivative approximation states that
w(t + h) − w(t − h)
dw
≈
− O(h2 )
dt
2h
Where h is the timestep and w(t) is the wolf population at time t, g(h) = O(|h|)
| remains bounded as h goes to 0. In our case, h = 1. I computed
means that | g(h)
h
starting at time t = 1, since I could not compute the central difference derivative
approximation for t = 0, the first year with data. Thus, to find what w1 dw
is, I used
dt
the central difference derivative approximation described above and computed
1 dw
1 w(t + h) − w(t − h)
≈
w(t) dt
w(t)
2h
Unfortunately, in predicting both the parameters for the predator and prey equa1 dw
tions of System 3.1, no strong linear correlation was found between w(t)
and e.
dt
Because the results are so noisy, I hypothesized that the explanation could be one
of two things: A) the model does not describe the phenomenon, or B) the data is
corrupted. I came up with a few solutions for these problems.
A solution to explanation A could be to improve the model by adding pieces that
better explain the phenomenon being observed. This adds complexity and specificity
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to the model, however is a valid approach. A solution to explanation B could be
to “clean” the data to make it more believable with the model being used. This
method may be useful if one believes that the data reported was collected poorly
or incorrectly. While both of these hypotheses are valid, there are other methods
of parameter estimation to consider before conclusions about the data or the model
can be drawn. I hypothesize that there are more accurate ways to predict these
parameters.

3.4.3

Linear Regression

Besides estimating parameters to be used in my equations, linear regression would
allow me to better understand usefulness of the model in describing Yellowstone wolf
and elk populations. When performing regression analysis to estimate the parameters
of my system, I will assume the model is correct and show that this assumption leads
to invalid parameters, and thus the assumption that the model is correct is incorrect.
I will show that linear regression produces parameters that create good fits to the
population trends observed in Yellowstone, however the system is unstable with the
parameter solution.
Linear regression is a technique for estimating the parameters of a model by
considering the dependent variable and one or more independent variables. When
performing linear regression, one is attempting to describe the behavior or predict
the value of the dependent variable based on the independent variable(s). Linear
regression attempts to fit a line to data that minimizes the sum of squares of the
residuals or errors. The residual is the distance from a given point to the line created.
When there are multiple independent variables, this phenomenon is called multiple
regression.
In my case, I will be performing a multiple regression because I have two independent variables, the number of wolves and the number of elk. The multiple regression
model is defined as follows:
y = β0 + β1 a1 + β2 a2 + ... + βm am + 
Where  represents the error between the model and the real data, y is the dependent
variable and a1 , a2 , . . . am are the independent variables. Recall that when performing
a linear regression, my goal is to minimize the vector . When performing multiple
regression, I use the equation:
ŷ = θ0 + θ1 a1 + θ2 a2 + ... + θm am
Where ŷ is the predicted value of the dependent variable and θ0 , θ1 , θ2 , . . . θm are the
estimates of β0 , β1 , β2 , . . . βm .
Adding more independent variables to a multiple regression procedure does not
mean the regression is better. It does mean the model will more closely fit the data,
but the model might be over fit. In modelling with multiple regression, I want to
choose the best independent variables, not the most independent variables.
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Applying the concepts of multiple regression to my system, the change in elk
and the change in wolves are the dependent variables, and the number of elk and
the number of wolves are the independent variables. Now I’ll prepare my system of
Lotka-Volterra equations for multiple regression. Recall that my system of equations,
System 3.1, looks as follows:
de
= p1 e − p2 ew
dt
dw
= −q1 w + q2 ew
dt

For future work, let
 
p1
 p2 

θ=
 q1 
q2
Using a discrete approximation for

de
,
dt

I can choose:

e( n + 1) − en
de
≈
dt
T
where en and en+1 are the number of elk at times n and n + 1 and T is the time
between en and en+1 . Further I know,
en+1 − en
= p1 en − p2 en wn
T
Using T = 1 and solving algebraically for en+1 ,
en+1 = (1 + p1 )en − p2 en wn
Following the same logic,
wn+1 = (1 − q1 )wn + q2 en wn
Thus, I have as my system of equations,
en+1 = (1 + p1 )en − p2 en wn
wn+1 = (1 − q1 )wn + q2 en wn
Converting these equations to matrix notation we have,
  

e1
e0
−e0 w0
0
0
 w1   0
0
−w0
e 0 w0 

  

(1 + p1 )
 e2   e1

−e
w
0
0
1 1
  

 w2   0
  p2 

0
−w
e
w
1
1
1
=
  

 ..   ..
 (1 − q1 )
..
..
..
 .   .

.
.
.
q2
  

 em  em−1 −em−1 wm−1

0
0
wm
0
0
−wm−1 wm−1 wm−1
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(3.2)

(3.3)

To visually simplify 3.3, let
 


e1
e0
−e0 w0
0
0
 w1 
 0
0
−w0
e 0 w0 
  

 


pˆ1
(1 + p1 )
 e2 
 e1

−e
w
0
0
1 1
 


pˆ2   p2 
 w2 
 0

 

0
−w
e
w
1
1
1
y =  ,A = 
,x = 
qˆ1  = (1 − q1 )
 .. 
 ..

..
..
..
 . 
 .

.
.
.
qˆ2
q2
 


 em 
em−1 −em−1 wm−1

0
0
wm
0
0
−wm−1 em−1 wm−1
Note, when creating the A matrix, elk population counts were scaled down by a factor
of 2000, and wolf population counts were scaled down by a factor of 15. These scale
factors were chosen arbitrarily. This was done in order to make the A matrix better
conditioned. The condition number of the A matrix indicates how inaccurate my
measurement of x will be. When the condition number is high, it indicates that a
small error in y could lead to a large error in x. In comparison, if the condition
number is low, it means that a small error in y leads to an error of about the same
size in x. When the elk and wolf population counts are not scaled down, the condition
number of A is high, on the order of 108 . However, when the elk and wolf population
counts are scaled down, the condition number of A is 16.1864, which is much better
than 108 . Using the equations above, I simplify Equation 3.3 to be y = Ax.
In regression analysis, my goal is to estimate a vector x that best represents the
observations described by y. In other words, I want to estimate a vector x that
minimizes the error in y. Because this is an estimate, there is some error associated
with the results, thus I change my equation to be
y = Ax + 

(3.4)

Where  represents the vector of error in the estimate y. Our goal, then, in performing
a linear regression is to minimize the vector . Rearranging equation 3.4,
 = y − Ax.

(3.5)

Following the explanation presented by Vanderbei (29), I will measure the size of
vector . A familiar notion for measuring a vector is the Euclidean distance:
X
1
(3.6)
||z||2 = (
zi2 ) 2
i

which measures the physical length of a vector. Looking at 3.6, one can change the
power inside the sum so long as one changes the corresponding root outside the sum.
For 1 < inf, 3.6 gives the Lm -norm of a vector z. In estimating the parameters of the
system of Lotka-Volterra equations, we are interested in the cases when p = 2 and
p = 1.
When measuring the size of  using the L2 -norm, I have the L2 -regression. L2 regression is often referred to as least-squares regression. Least-squares regression
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aims to find x̄ that attains the minimum L2 -norm of y − Ax. This is equivalent to
minimizing the square of the L2 -norm, thus
x̄ = argminx ||y − Ax||22
Using the projection theorem, I arrive at the formula for L2 -regression:
x̄ = (AT A)−1 AT y

(3.7)

Using 3.7, I found



0.9616
 0.0082 

x̄ = 
−0.6143
0.0772
Recall that

  

pˆ1
(1 + p1 )
pˆ2   p2 
 

x=
qˆ1  = (1 − q1 )
qˆ2
q2

where p1 , p2 , q1 , q2 are the parameters are trying to estimate in the Lotka-Volterra
system represented by 3.1. Recall,
 
p1
p2 

θ=
 q1 
q2
Using x̄ as x to solve for θ, I have,


−0.0384
 0.0082 

θ=
 1.6143 
0.0772

(3.8)

The parameters estimated using linear regression on 3.3 produce a good fit for the
actual Yellowstone data. Figures 3.3 and 3.4 compare the predicted and actual values
of the wolf and elk populations. In addition to providing a good fit to the data, using
θ from 3.8 creates a simulation of 3.2 that is stable. When simulating 3.2 over long
periods of time, both the elk and wolf populations tend to zero; in other words, they
become extinct. The wolf population goes extinct before the elk population. While
it is valuable to have a solution that when simulated, provides a good fit to the data
and is stable, it would be interesting to find a well-fitting and stable solution that did
not indicate both populations becoming extinct over time.
You may wonder why, in the absence of wolves (wolves have gone extinct), the elk
population does not increase unbounded. Looking at 3.8, we see that p1 = −0.0384.
Recall that p1 is the intrinsic growth rate of the prey population. Since p1 from 3.8
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Figure 3.3: This graph shows the predicted elk population values versus the actual
elk population values. The predicted values were found by solving Equation 3.3 for
y using x̄.

is negative, the elk intrinsic growth rate is negative, which does not make ecological
sense. A constraint on the Lotka-Volterra model is that θ must be strictly positive.
Below, I will formulate a linear program that will allow me to put constraints on θ.
To estimate the parameters, I’ve used regression analysis in the 2-norm, or leastsquares regression. This method is similar to calculating the mean of a dataset.
The mean of a dataset is the true average of a dataset. It is well known in data
analysis that the mean is not always the best representation of the average because it
is significantly affected by outliers. There is another way of representing the average
of a dataset: it is through the median of the dataset. The median of a dataset is
the value which has exactly half the data points above it, and half the data points
below it. This method is much less susceptible to outliers and so often gives a better
representation of the average. In regression analysis, estimating in the L2 -norm is
similar to finding the mean of a dataset; it is significantly affected by outliers. On
the other hand, regression analysis in the L1 -norm is similar to finding the median
of a dataset: it is much less affected by outliers. Linear regression in the 1-norm is
often referred to as least-absolute value deviation. Using the L1 -norm the problem I
aim to solve is to minimize the deviation in Equation 3.5
x̂ = argminx ||y − Ax||1
where A, y, x are the same values as represented by 3.4. The L1 -norm regression
problem can be written as
X
X
minimize
|bi −
aij xj |
i

j
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Figure 3.4: This graph shows the predicted wolf population values versus the actual
wolf population values. The predicted values were found by solving Equation 3.3 for
y using x̄.
which can be rewritten as
P
minimize
i ti
subject to :P
−ti ≤ bi − j aij xj ≤ ti ,
i = 1, 2, ..., m
This linear program represents solving the regression analysis in the L1 -norm. Recall
that a constraint on the classic Lotka-Volterra model is
 
p1
p2 

θ=
 q1  > 0
q2
Adding the appropriate constraints to the linear program and solving I found


1.0139
 0.0173 

x̂ = 
−0.7933
0.0441
Using x̂ to solve for θ,


0.0139
0.0173

θ=
1.7933
0.0441
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(3.9)

Figures 3.5 and 3.6 compare the predicted and actual values of the elk and wolf
populations using x̂. Solving for the parameters, x, through linear regression in the
L1 -norm gave parameters that satisfied the constraint on the classic Lotka-Volterra
model that all parameters must be greater than zero. Solving 3.3 for y using x̂ yields
predictions very close to the actual values of the elk and wolf populations (see Figures
3.5 and 3.6). However, when System 3.2 is simulated over long periods of time using
3.9, it is unstable.

Figure 3.5: This graph shows the predicted elk population values versus the actual
elk population values. The predicted values were found by solving Equation 3.3 for
y using x̂.
Using linear regression in the L2 -norm and L1 -norm yielded parameters that made
the simulation of the classic Lotka-Volterra model unstable. While these methods
did provide good fits to the data, simulations of the system over long periods of
time produced unstable results. More research must be done to learn the stability
conditions of these differential equations in order to find solutions that are both stable
and good fits to the data. While I was unable to estimate parameters that led to
a stable or marginally stable system for the classic Lotka-Volterra model, studying
variants of this model may lead to more promising results.

3.5
3.5.1

Variants of the Classic Lotka-Volterra Model
Constrained Prey Growth

Recall from Chapter 2 that often, ecologists study population dynamics by limiting
the prey growth to a logistic growth. We call this limitation a density-dependent
factor which occurs naturally when a population competes for resources such as space
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Figure 3.6: This graph shows the predicted wolf population values versus the actual
wolf population values. The predicted values were found by solving Equation 3.3 for
y using x̂.

or food. When applying a logistic growth to the prey population, the classic LotkaVolterra system becomes
de
= p1 e(1 − Ke ) − p2 ew
dt
dw
= −q1 w + q2 ew
dt

(3.10)

To estimate the parameters of System 3.10, I will follow the pattern for regression
analysis outlined in Section 3.4.3. Discretizing System 3.10 we have,
2
en+1 −en
= p1 en − p1Ken − p2 en wn
T
wn+1 −wn
= −q1 wn + q2 en wn
T

where en and en+1 are the number of elk at times n and n + 1 (the same follows for
wn and wn+1 ) and T is the time between en and en+1 . With T = 1, and solving for
en+1 , wn+1 ,
en+1 = (1 + p1 )en − re2n − p2 en wn
(3.11)
wn+1 = (1 − q1 )wn + q2 en wn
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where r = pK1 . Following the formula outlined in Section 3.4.3, I will solve for x̄ and
θ where now


−e0 w0
0
0
e0
−e20


 
 0
0
0
−w0
e0 w0 
(1 + p1 )
p1


2

 e1




−e
w
0
0
−e
1 1
1


 r 
r

 0
0
0
−w1
e1 w1  , x̄ =  p2  , θ = p2 
A=


 

 ..
..
..
..
..
(1 − q1 )
 q1 

 .
.
.
.
.


q2
q2

em−1 −e2m−1 −em−1 wm−1
0
0
0
0
0
−wm−1 em−1 wm−1
After performing least-squares regression to estimate x̄ I found


1.0937
 0.0172 



x̄ = 
 0.0158 
−0.6143
0.0772

(3.12)

and using x̄ to solve for θ,


0.0937
0.0172



θ=
0.0158
1.6143
0.0772

(3.13)

Using x̄ to solve for y in 3.3 gave predictions that were good fits to the data. These fits
can be seen in Figures 3.7 and 3.8. In addition to having parameters that produced a
good fit, the simulation of 3.11 (using 3.13) over long periods of time was stable. The
simulation tended to the equilibrium where the wolf population went extinct and the
elk population went to and remained at its carrying capacity. This simulation found
K ≈ 11, 000, which is much lower than the maximum elk population observed over
the years, and is lower than the initial condition of the simulation (7).
While it is valuable that I have a solution that provides a good fit to the data
and is also stable, the simulation predicts that the wolf population will go extinct.
A more favorable solution would be one in which neither population tended to zero.
Future work will be to analyze the stability properties of System 3.11 in order to find
parameters that produce non-zero population predictions for both populations.
While often ecologists study the population dynamics when prey is limited by a
carrying capacity, it would also be valuable to study when the predator population is
limited by a carrying capacity. By constraining the predator growth, the total number
of predators in the system at a is limited at a given time. This is especially useful if
the environment can only sustain so many predators. In System 3.1, I showed that
predator growth is limited by the predator’s natural mortality rate. This is called
a density-independent factor; density-independent factors limit a given population
no matter that population’s density. Contrarily, there are also density-dependent
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Figure 3.7: This graph shows the predicted elk population values versus the actual
elk population values. The predicted values were found by solving Equation 3.3 for
y using x̄.
variables which limit or release a population based on that population’s size. For
example, these density dependent factors could be competition for food, space, or
other resources.
In the case of wolves in Yellowstone, wolves compete for space and food. Starting
in 2003, researchers in Yellowstone recorded 98 wolves on the northern range. This
was and is the largest number of wolves observed on the northern range since wolf
reintroduction (26). Since then, the wolf population has declined and stabilized (26).
Researchers of Yellowstone hypothesize that the growth of the wolf population in
Yellowstone is density-dependent, meaning wolf population growth is limited by a
carrying capacity (30). The carrying capacity of wolves in Yellowstone is likely controlled by availability of food and adequate territory space for the wolf packs. Future
work would be to create a variant of the classic Lotka-Volterra model in which the
predator population is limited by a carrying capacity.

3.5.2

Two Predator-One Prey Model

To say that wolves are the only predator to elk in Yellowstone is an oversimplification.
There are other predators such as bears, cougars, and coyotes which also impact the
elk population. In order to create a model that accurately predicts the phenomenon in
Yellowstone over long periods of time, perhaps the model needs to be more complex.
One way to do this would be to include the impact of another predator on the elk
population.
Below I propose a model that would analyze the relationship between wolves, elk
and bears. The reason for including bears is because researchers have observed that
since the 1990s, bears have shifted their carnivorous diet from trout to elk calves
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Figure 3.8: This graph shows the predicted wolf population values versus the actual
wolf population values. The predicted values were found by solving Equation 3.3 for
y using x̄.

(23, 24). This shift in diet is occurring because of the unintended introduction of
a non-native species of trout into Yellowstone waters. The non-native species has
out-competed the native species and they live too deep in the water for the bears to
reach them (23, 24). As a result, bears have shifted their diet to elk calves. This shift
in diet has had little impact on the bear population, however, it could be impacting
the population growth of the elk. The set of equations used to characterize the wolfelk-bear system is below:
de
= a1 e − a2 ew − a3 eb
dt
dw
= −c1 w + c2 ew
dt
db
= −d1 b + d2 eb
dt
Where, similar to the classic Lotka-Volterra model, e represents the number of elk at
a given time, w represents the number of wolves at a given time, a1 is the densityindependent growth intrinsic rate of the prey population in the absence of predators,
a2 is the constant predation rate (fraction of the prey population eaten per predator),
a3 is the constant predation rate (fraction of the prey population eaten per predator),
c1 is a constant per capita mortality rate of predators, c2 is the constant conversion rate of eaten prey into new predator abundance. d1 and d2 represents the same
constants as c, pertaining to the bear population. Future work could include analyzing this system in order to create a model which accurately predicts the ecological
phenomenon observed in Yellowstone.
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3.6

Behavioral Analysis

The reintroduction of wolves in Yellowstone has given the ecological community an
interesting opportunity to study the effects of apex predator introduction on cascading
trophic levels. When studying these dynamics, ecologists often consider the direct
density and behavioral impacts the introduced predator has on the prey population.
It is obvious that predators influence the prey population by killing, but what is less
obvious is the impact predators have on the surviving prey. The impacts on surviving
prey are considered the behavioral effects of the predator presence.
I anticipated adapting pursuit evasion game algorithms to model the behavior
patterns of the elk and wolves in Yellowstone. The classic pursuit evasion game
is a model of the behavior of a predator chasing its prey. While researching the
behavioral effects wolves had on elk in Yellowstone, I realized that pursuit-evasion
games would not capture the behavior shifts. In addition, I initially thought the
behavior shifts were more significant and long-lasting. After much research on the
topic, I have come to conclude that the behavior shifts observed in Yellowstone elk
since wolf reintroduction should not be described through pursuit-evasion games and
must be approached through an alternative model not yet created. In Yellowstone elk,
researchers have observed short and long-term behavior changes that have occurred
as a result of wolf reintroduction. There are many scientists who believe the trophic
cascade is mediated by shifts in elk behavior in addition to the trophic cascade being
driven by wolf predation on elk (7, 9, 31, 32, 33, 34). This being said, not all scientists
agree on the role and influence elk behavior is having on the trophic cascade. I will
attempt to explain the hypotheses and point out weaknesses and strengths in the
research performed. Finally, I will outline data needed to determine if shifts in elk
behavior are responsible for the trophic cascade.

3.6.1

Effects of Predators on Prey Behavior

The relationship between predators and prey is more than “kill or be killed.” Prey
exhibit anti-predator behaviors in an attempt to stay alive. In many animals, lower
reproductive rates and altered foraging habits are indication that the prey has altered
its behavior to stay alive (9).
When studying the effects of wolves on elk, many scientists look to see how predation risk has affected the elk population in Yellowstone (9, 31, 32, 33). Many
have found that wolf presence has resulted in decline pregnancy rates (31, 32, 33).
Scientists at the University of Montana studied the pregnancy-indicating hormone
progesterone in elk fecal matter found across Yellowstone (31). The results were that
progesterone levels “were negatively correlated with risk (31)” where risk is defined
by the wolf: elk ratio. In this same study, they also found a negative correlation
between the number of wolves in the area and the ratio between elk calves and elk
females (31). This study is significant because the samples were taken across all of
Yellowstone park in areas of varying predation risk but with the same sampling design (31). This study would suggest that wolf reintroduction has had a significant
impact on elk pregnancy rates. Negative correlations between elk pregnancy rates and
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wolf reintroduction have been reported across several studies. Over an eighteen-year
period, Garrott et al. studied the Madison elk herd in Yellowstone National Park
including time before and after wolf reintroduction (32). Unlike the rest of the elk
herds known to Yellowstone, this herd never migrates out of the park. Using hormone
sampling methods, they observed a significant 32% decline in pregnancy rates during
the established wolf-colonizing years (32). Despite this result, Garrot et al. argued
that predation risk was unrelated to elk pregnancy rates and instead argued that for
unexplainable reasons, their pregnancy hormone tests failed when elk were in high
risk environments (32). Winnie at al. found that pregnancy rates had “fallen from
approximately 95% pre-wolf [reintroduction] to 86% post-wolf [reintroduction] (33).”
From these and other studies, it is obvious that wolf presence has had a negative impact on elk pregnancy rates. While this much is clear, it is not clear on how to model
this behavioral shift. By altering the Lotka-Volterra equations described above, we
could account for varying pregnancy rates in the elk population depending on the size
of the wolf population and the spatial relationship between the wolves and elk.
Disruption in foraging patterns is characteristic of anti-predator behavior among
animals (9). Middleton et al. (2013) found that elk foraging patterns were only
altered when danger was imminent (35). Further, their findings report that behavior
was only altered when a wolf was a distance of one to two kilometers from the elk and
the interrupted feeding behavior lasted a maximum of twenty-four hours (35). These
findings were in strong agreement with Bergman et al. who reported that elk foraging
was only affected when in close proximity, one kilometer, to the predator (36). While
these studies do indicate that elk behavior is altered in the presence of wolves, they
suggest that elk behavior is altered in the short-term, not the long-term, and so is not
likely to be a contributing factor when considering a model for the trophic cascade.
Some researchers have studied elk populations specific to the northern range. Creel
et al. (2005) found that elk in the Gallatin range in the Greater Yellowstone ecosystem, elk “moved into the protective cover of wooded areas when wolves were present,
reducing their use of preferred grassland foraging habitats that had high predation
risk (37).” Furthering this study, Christianson and Creel found that this anti-predator
behavior decreased the amount of food ingested (38). These two studies are better
representations of modified behavior in elk due to wolf reintroduction because they
analyze elk patterns over longer periods of time, not just immediate responses from
close proximity to wolves. This being said, the researchers concluded that this modified behavior resulted in less food consumption, which can be interpreted to mean less
reproductivity in the elk population. I have discussed the impacts of lower pregnancy
rates earlier in this section.

3.6.2

Discussion on the BMTC Hypothesis

BMTC stands for Behaviorally Mediated Trophic Cascade. Many ecologists believe
that the trophic cascade is density-driven, however some believe the trophic cascade
is behaviorally mediated (9). One popular hypothesis presented by Ripple et al. and
Ripple and Beschta is the idea that the trophic cascade is behaviorally mediated; it
is a behaviorally mediated trophic cascade (7, 34). This would mean that elk have
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altered their habitat selection, that their foraging patterns within a given habitat
have been disrupted out of fear of predation. Their hypothesis is that wolf presence
has caused these changes in the elk populations. One of their most popular ideas
is that Yellowstone elk now have a “landscape of fear” which causes them to avoid
certain areas of the park that they identify as risky (39). Because elk no longer
browse and live in these areas, woody browse species are able to recruit (39). While
the hypothesis that wolf presence has altered elk behavior which in turn has allowed
woody browse species to recruit sounds intuitive and is very popular, I will analyze
theirs and others’ methods for testing and results of the behaviorally mediated trophic
cascade hypothesis before fully supporting this hypothesis.
Over the years, Ripple and Beschta have studied woody browse species recruitment
in Yellowstone’s northern range (7, 34, 39). In these studies, they have focused on
measuring and counting tree stems as indicators of the behaviorally mediated trophic
cascade. In nearly all areas studied, they confirm that woody browse is recruiting
as a result of reduced elk browsing caused by wolf presence (7, 34, 39). They argue
that these results are in line with their hypothesis of a behaviorally mediated trophic
cascade (7, 34, 39). However, other scientists do not come to the same conclusions
when testing similar areas on Yellowstone’s northern range (40, 41, 42).
Kauffman et al. studied the influence of wolves on aspen by measuring tree rings
and browsing levels in elk exclosures in areas with varying predation risk (41). They
found that while elk were responsible for aspen decline in Yellowstone’s northern
range, there was no evidence of a behaviorally mediated trophic cascade (41). Further,
they did not find that aspen recruitment abruptly stopped in the years following
wolf extirpation, which is claimed by other authors (41). They believe that these
patterns of recruitment seen in the northern range aspen are “more consistent with
the numerical effect of a slow, steady increase in elk abundance” rather than an
abrupt shift in elk behavior (41). In the areas they studied, they did not find that
elk browsing was reduced in areas of high predation risk (41). In addition to this
research, Kimble et al. found that aspen stands were recruiting in some local areas,
however a large-scale resurgence of aspen was not occurring (40).
There is much evidence to suggest that willow (Salix spp.), another woody browse
species, is also recruiting in Yellowstone’s northern range (7, 43, 44). Ripple and
Beschta hypothesize that this recruitment is due to the behaviorally mediated trophic
cascade (7, 43). Beyer et al. agree with this hypothesis (44). In a study of willow
species in Yellowstone’s northern range, Beyer et al. found evidence suggesting that
indirect rather than direct effects of wolf presence on elk foraging caused the recruitment in willow (44). While acknowledging they had no historical data to compare
willow growth rates to, they found that wolf presence was a significant factor in high
willow growth rates (44). In the study they accounted for hydrological and climate
factors and argued that the willow growth observed was caused by the behaviorally
mediated trophic cascade (44). This evidence does indicate that willow began recruiting at about the time that wolves were reintroduced to the park, however, the
ecosystem is not as simple as these hypotheses make it seem.
Bilyeu et al. found that reduced browsing alone is not enough to sustain willow
recruitment and growth to the point where it is out of browsing reach of elk (45). They
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argue that in the absence of wolves, willow communities suffered from overgrazing
but also the loss of beaver colonies. Beaver populations in Yellowstone decreased
through the 1950s (10). Bilyeu et al. report that the loss of beaver colonies brought
incision of stream channels, erosion of fine sediments, and lower water tables, all
which negatively affect willow success (45). Baker et al. studied the interactions
between beaver and willow and concluded that with low densities of ungulates, beaver
and willow relationships are mutualistic (46). This being said, Baker et al. also
found that high density of ungulates and beaver populations creates an environment
where willow cannot recruit, causing the beaver population to decrease (46). It is
hypothesized that the increase in elk population in the decades after wolf elimination
had a significant impact on the decrease in recruitment of woody browse species,
causing beaver populations to decrease (10).
Bilyeu et al. performed a study on willow species over several years in which they
studied the impact of water tables on willow growth (45). They found that willows
with “ambient water tables average only 106 cm in height with negligible height gain
in two of the three study species during the last year of the experiment” while willows
with artificially elevated water tables average “147 cm in height and gained 19 cm in
the last year of the experiment (45).” They concluded water availability controlled
the rate of willow height gain and proposed that this rate of height gain could mean
the difference in willow stems reaching the height at which they are safe from elk
browsing (45). They also argued that in the northern range, where beavers have
long been absent, reduction in elk browsing due to wolves may not be enough to
recover the willow population in the long-term (45). Interestingly enough, the beaver
population in Yellowstone, including the northern range, have been increasing since
the late 1990s (10).
Beavers are a key species in Yellowstone’s ecosystem. Their presence helps stabilize riparian areas where woody browse species can flourish (47). Beaver populations
decreased through the 1950s, but began to increase in the late 1990s, probably due to
a few factors (10). For one, willow release in the late 1990s, and two, reintroduction
of beavers in Gallatin Nation Forest, upstream of Yellowstone National Park from
1986-1999 (10). While the reintroduction work in Gallatin National Forest probably
increased the rate at which beavers reoccupied Yellowstone waters, it is not the sole
cause (10). The relationship between beaver and willow is mutualistic, hence, beaver
need woody browse to be prevalent in order to survive, thus it is believed that the
main cause of beaver reoccupation is willow recovery (10, 46). Nonetheless, the resurgence of willow in Yellowstone’s northern range cannot be attributed to wolf presence
alone.
If the hypothesis that a behaviorally mediated trophic cascade is occurring in
Yellowstone is correct, it would be worthwhile to model these long-term and semipermanent behavior dynamics among the wolves and the elk. A model of these
dynamics would allow researchers and land managers to make good decisions about
species management by considering the space and areas available to the animals. Since
the research has not proved that a behaviorally mediated trophic cascade is occurring,
creating a behavioral model may be fruitless in aiding management decisions.
To determine if a behaviorally mediated trophic cascade is occurring, I propose
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studying the behaviors of wolves and elk in and around the risky sites identified by
Ripple and Beschta (7, 34, 39, 43). Thus far, studies that argue for the hypothesis of
a behaviorally mediated trophic cascade only consider the response of woody browse
species in the year prior to and since wolf reintroduction (7, 34, 39, 43). If studies
occur that examine the actual behavior dynamics of the elk and wolves in these areas
identified on the “landscape of fear,” information about the anti-predator behaviors
exhibited by the elk may be more informative, which may support or falsify the
hypothesis of a behaviorally mediated trophic cascade.
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Chapter 4
Conclusion
Many of the world’s ecosystems are facing species elimination (2). Whether this elimination is intentional or accidental, the consequences need to be understood in order
to make better management decisions. Computational models can be helpful in making these management decisions. Species elimination could save the several thousand
lives taken by malaria and other mosquito-transferred diseases every year (4). While
this proposition seems to be a good idea, the consequences are not fully understood (4,
5). In many other cases, species elimination is unintentional, sometimes irreversible
(2). Computational models can be especially helpful when attempting to predict the
consequences of unintentional species elimination.
When wolves were reintroduced to Yellowstone, ecologists were given a unique opportunity to study species elimination and reintroduction. In my work, I attempted
to create a computational model that could predict the population dynamics between
the wolf and elk populations in Yellowstone. I used the classic Lotka-Volterra equations to model these dynamics. I was unable to estimate parameters that yielded a
stable predictive model for the population dynamics among the elk and wolf populations. After estimating the parameters by several methods, I was able to find
parameters for the system that were good fits to the data, however, the parameters
did not create a stable system when simulated over long periods of time. I conclude
that future work will need to be performed analyzing the stability conditions of the
differential equations in hopes of estimating parameters that allow for a stable and
accurate predictive model.
To create more realistic models, I analyzed two more models where I limited the
elk and wolf populations to a logistic growth. With these variations to the classic
Lotka-Volterra equations, I was still unable to estimate parameters that created a
stable system that could accurately predict the phenomenon in Yellowstone. Future
work will be to perform stability analysis around these systems’ points of equilibrium
and find stability conditions for the parameters of the equation.
When discussing trophic cascades of large predators, it may be valuable to model
the behavioral dynamics of the animals in the ecosystem in addition to the population
dynamics. Some scientists believe the trophic cascade in Yellowstone is due to the
behavioral dynamics between the wolves and elk (7, 34, 39, 43). There is some
evidence to suggest that wolf presence has caused the elk to change their foraging
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habits (9) and reduced elk pregnancy rates (31, 32, 33). This being said, many do not
believe that the trophic cascade is driven by wolf and elk behavior (40, 41, 42). In my
opinion, to confirm the BMTC hypothesis, scientists will need to perform experiments
that measure wolf and elk behavior rather than only performing landscape level tests
on woody browse. If the trophic cascade is found to be driven by behavioral dynamics
among the wolves and the elk, it would be valuable to computationally model these
dynamics in addition to the population dynamics.
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